Isotopic partition-function ratios and kinetic isotope effects for reaction of S-adenosylmethionine with catecholate in water are evaluated using a subset of 324 atoms within its surrounding aqueous environment at the AM1/TIP3P level. Two alternative methods for treating motion in the six librational degrees of freedom of the subset atoms relative to their environment are compared.
Introduction
One of the most powerful experimental techniques for probing the nature of chemical reaction mechanism is the measurement of a kinetic isotope effect (KIE), a rate constant ratio that arises from isotopic substitution at a particular position in a molecule. The magnitude and direction of a KIE contains information about the mechanistic events in a chemical reaction, reflecting differences in bonding between the reactants and the transition state. 1 Hybrid quantummechanical/molecular-mechanical (QM/MM) methods are now commonly used for calculations of KIEs for reactions occurring in solution 2, 3 or within enzyme active sites. 4, 5 Systems as large as many thousands of atoms are nowadays treated in geometry optimizations and molecular dynamics simulations, but usually only a subset of atoms is considered in KIE calculations, 3, 5 for which vibrational frequencies are computed by means of a subset Hessian. The purpose of this paper is to perform a critical analysis of the methods used to obtain KIEs from subset Hessians.
In the early days of KIE calculations, a standard procedure to simplify the computations was to employ the cut-off rule first introduced by Stern and Wolfsberg. 6 They had noted that it was possible to leave out parts of a "large" molecule without significantly affecting the value of a calculated KIE, provided that (a) it was around room temperature, (b) the omitted atoms were more than two bonds distant from the position of isotopic substitution where force constants changed on going from the reactant structure to the transition structure and (c) the force constants for that portion of the molecule retained were correct (i.e. the same as they would be in the whole molecule without the cut-off). 7 Melander and Saunders discussed the practical usefulness of this simplification, as a means by which to reduce the cost of KIE calculations, but added a wise precautionary note that the cut-off procedure would be valid only if it were justifiable to ignore the influence of medium effects on the isotope effect. 8 Procedures 9 employing the cut-off rule have been used extensively in enzymology, where KIE calculations involving whole enzymesubstrate complexes are not tractable.
A cut-off procedure is invoked implicitly whenever a subset hessian is used, and it is timely now to enquire about the validity of this approach. Whereas the original cut-off rule was formulated for molecules in which the omitted atoms were covalently linked to the retained atoms, the systems now typically studied by QM/MM methods involve non-covalent solventsolute or enzyme-substrate interactions: what form of cut-off rule is appropriate for such systems? We considered this question a few years ago in the context of a study of the chorismateprephenate rearrangement in water and in the active site of chorismate mutase, 10 but now we present the results of a more comprehensive analysis for S N 2 methyl transfer (1) from Sadenosylmethionine (AdoMet) to catecholate in aqueous solution. In addition to the question of how many atoms should be included in the subset hessian, we also assess two different procedures for evaluating the KIE in terms of isotopic partition-function ratios (IPFRs) determined for reactant-state (RS) and transition-state (TS) structures of subsets.
Although subset (or partial) hessians have been discussed by others (see below), a thorough and critical analysis in their use in isotope effect has previously been lacking.
Theory

KIEs and IPFRs for whole molecules with separable translations and rotations
The conventional transition-state theory treatment of KIEs with the Born-Oppenheimer, rigidrotor and harmonic oscillator approximations (and neglecting tunnelling and transmission-factor contributions) considers the rate-constant ratio k/k' (where the prime denotes the rate constant for the heavier isotopologue) as the product of three factors (eq. 2) involving translational, rotational and vibrational partition functions for the isotopologous RS and TS species. 7, 8 The first is the mass and moments-of-inertia factor (MMI), where | I | is the determinant of the moment-ofinertia tensor (i.e. the product of the three principal moments of inertia) of a non-linear N-atomic molecule of molecular mass M; rotational symmetry factors are omitted here since they are all equal to unity for the applications to be presented below. The second is the Boltzmann excitational (EXC) factor corresponding to the relative populations of the higher vibrational quantum states, and the third is the zero-point energy (ZPE). EXC involves a product, and ZPE a summation, over 3N -6 and 3N -7 real vibrational frequencies of RS and TS, respectively, where u = hc/k B T with frequency (s -1 ) replaced by wavenumber  (cm -1 ) and h, k B , c and T are the Planck and Boltzmann constants, the velocity of light and the absolute temperature.
Inspection of the forms of the MMI, EXC and ZPE factors shows that the KIE may be rewritten simply as a quotient of IPFRs for RS and TS (eq. 3).
(2)
It is common to replace MMI in eq. 2 by an equivalent factor containing only vibrational frequencies. According to the Teller-Redlich product rule, 11 the masses and moments of inertia for a pair of isotopologues are related to the vibrational frequencies: the equality expressed by eq. 4 assumes separability of translational and rotational motions from vibrational motions within the harmonic approximation. Substituting the vibrational product VP for each of RS and for TS in eq.
3, the KIE may be written as eq. 5, the Bigeleisen equation, where VPR is the vibrational product ratio. 6, 12 Two points should be noted: (i) the product of ratios of atomic masses m that appears eq. 4 vanishes from the KIE because it is identical for both RS and TS; (ii) it is conventional to consider the ratio of imaginary transition frequencies for the TS as a separate factor, so that (in eq. 6) the VPR and EXC products and the ZPE summation are all taken over 3N -7 real TS frequencies.
(4)
Use of the Bigeleisen equation enables the determination of KIEs from normal-mode frequencies without the need to consider the MMI factor explicitly. 13 However, some time ago I pointed out 14 that there was some practical merit in separately determining the vibrational product and mass-moment-of-inertia terms for a pair of isotopologues, rather than relying upon their equality, particularly when the vibrational frequencies had been obtained using hessians in cartesian coordinates from standard packages for ab initio or semiempirical molecular orbital calculations. Older implementations involving numerical second derivatives tended to produce hessians which, upon mass-weighting and diagonalisation, 15 yielded eigenvectors corresponding to translation and rotation of the whole molecule which did not have zero eigenvalues: this meant that the Teller-Redlich product rule was not exactly satisfied, and consequently that application of the Bigeleisen equation incurred some error.
KIEs and IPFRs for subsets
The relationships outlined above assume that each molecular system, either RS or TS, corresponds to a zero-gradient stationary point on a potential energy surface. Reliable optimized geometries and hessians are readily available from modern quantum-chemical packages employing second-derivative methods, provided that convergence thresholds are set suitably tightly. However, during the past 15 years it has become common to perform simulations for very
large molecular systems (e.g. molecules in solution or within enzyme active sites) but to compute explicit hessians for only a subset of the total number of atoms in the system. For example, relaxation of a specified subset of atoms to a local minimum (or saddle point) may be performed within a frozen environment of the remaining atoms. In the context of QM/MM methods, the mobile subset and the frozen environment may be the same as the QM and MM regions, although different selections may also be made. In these circumstances the N s subset atoms do not in themselves constitute a stationary structure in which vibrational degrees of freedom are separable from translations and rotation. The constraining influence of the environment means that diagonalization of the mass-weighted 3N s  3N s hessian in cartesian coordinates generally yields 3N s non-zero eigenvalues which include six corresponding to libration of the whole subset with respect to its environment: "translation" and "rotation" of the subset as a whole are not free or separable motions but are coupled with the internal vibrational degrees of freedom.
An approximate way to calculate KIEs and IPFRs for a subset of N s atoms (within a larger environment of N -N s atoms) is project out the six librational degrees of freedom and to treat them instead as translations and rotations, as we have previously described. 10, 14 In practice, the 3N s  3N s hessian in cartesian coordinates is first transformed into a (3N s -6)  (3N s -6) hessian in a set of internal coordinates, and then back-transformed, whereupon 3N s -6 pure vibrational eigenvalues and 6 zero eigenvalues for translational and rotational motion are obtained. This procedure is equivalent to treating the subset as if it were a freely translating and freely rotating cluster isolated from its environment but whose internal vibrations are governed by force constants whose values are determined by the influence of the environment. The subset KIEs and IPFRs may then be determined by replacing N by N s in eq. 2, and by using the equality in eq. 4, leading to eqs. 7 and 8 with pure vibrational frequencies; we call this the "translation/rotation" method. The MI, EX and ZP factors are labelled to assist interpretation of Tables 1 and 4. Is there a form, analogous to the Bigeleisen equation, that expresses the KIE and IPFRs in terms only of vibrational frequencies for a subset? The product of the 3N eigenvalues of the vibrational secular matrix is equal (eq. 9) to the product of determinants of the Wilson F and G matrices for potential energy and kinetic energy, 16 respectively, which in turn is equal to the product of determinants of the potential energy matrix V and kinetic energy matrix T in massweighted cartesian coordinates. 15 There is a problem when there are zero eigenvalues, as for translation and rotation, since then eq. 9 is not valid; the solution is the Teller-Redlich product rule for molecules whose 3N degrees of freedom are separable into 3 translations, 3 rotations and 3N -6 vibrations.
(9)
However, using the cartesian formulation of the vibrational problem, it is easy to note that since the frequencies are proportional to the square roots of the vibrational eigenvalues, and T is the unit matrix, the product of the ratios of frequencies for isotopologues with the same hessian (within the Born-Oppenheimer approximation) reduces simply (eq. 10) to the ratio of products of atomic masses used to mass-weight the hessian prior to diagonalization. Furthermore, the atomic masses are the same for both isotopologues, except for the isotopically substituted atom(s) alone.
With a subset hessian there are, in general, 3N s non-zero vibrational frequencies and so there is no difficulty in evaluating the product on the left-hand side of eq. 10 over 3N s ratios  i '/ i for an isotopologous pair. Thus there is no need to invoke the Teller-Redlich product rule when a subset hessian is used. The product of the isotopic ratios for all 3N s frequencies is equal to the threehalves power of the product of the ratios of atomic masses for the specific isotopic substitution.
In the context of a typical calculation, satisfaction of this rule requires nothing more than that the matrix diagonalization is performed correctly. Nonetheless, the extent to which it is indeed borne out in practice is demonstrated by the results presented below.
In the light of the above, an alternative way to calculate KIEs and IPFRs for subsets of atoms is simply to replace the MMI factor in eq. 2 by extending the products for EXC and the 
The high-temperature limit of a subset KIE evaluated as either (f RS ) tr /(f TS ) tr or (f RS ) af /(f TS ) af is the ratio of transition frequencies,  ‡ / ‡ ', since motion along the transition vector is considered to be classical in transition-state theory. Within the inherent assumption of separability in this treatment of KIEs from subset hessians, the quantum correction  ‡ / ‡ ' for motion along the transition vector may be approximated by Bell's expression 17 for an inverted parabola, eq. 14.
Computational methods
QM/MM calculations were performed for a complex of cationic AdoMet and anionic catecholate (described byAM1 18 ) within a sphere containing about 500 water molecules described by the flexible TIP3P MM potential 19 within CHARMM. 20 Geometry optimisations were carried out for a minimum energy structure RS and for a first-order saddle point TS for eq. 1 using the GRACE 21 suite of utilities as previously reported 22 for this reaction both in water and in an enzyme active site. Numerical differentiation of analytical gradients of the QM/MM potentials yielded large hessians of dimension 972  972 for subsets of both RS ( Fig. 1 ) and TS involving the 63 QM atoms together with 87 MM water molecules whose oxygen is within 14 Å of the transferring methyl carbon atom. Isotopic partition-function ratios and KIEs ( coordinates (for which the kinetic energy is represented simply by the unit matrix), this procedure is equivalent to keeping the potential energy matrix F unchanged while eliminating atoms from the kinetic energy matrix G (cf. eq. 9). Note that the large subset hessians are themselves determined by means of QM/MM calculations in which the subset atoms experience the influence of the environment of the surrounding atoms of the full system. Even at the final stage of the cut-off procedure followed here, the six remaining atoms feel this influence through the values of the hessian elements which are quite different from those that would be obtained by calculating a hessian for only six atoms.
Results and Discussion
Large subset hessians 22 concerning the need to take averages over many configurations in order to obtain KIEs that may be meaningfully compared with experiment, regardless of the choice of QM/MM method). The point of this study is to examine how the values of the IPFRs and KIEs depend upon (a) whether they are evaluated by treating the six external degrees of freedom of the subset atoms (with respect to their environment within the larger solvated system) as vibrational frequencies or as translational and rotational motions, and (b) the extent of the "cut-off" achieved by progressively omitting more and more atoms from the subset hessians. In order to discuss the magnitude of errors in these successive approximations, it is necessary first to establish a reference point: it seems reasonable to choose the largest possible system, in which the cut-off is most distant from the positions of isotopic substitution.
IPFRs defined as "heavy/light" always have values > 1, becoming larger at lower temperatures but tending towards unity as the temperature increases. The value of f RS for -D 3 /-H 3 is about 1676, reflecting the much larger number of effectively accessible microstates for the heavier isotopologue. The product VP of the frequency ratios is less than 1 because the heavier isotopologue has lower frequencies, but the ratio of zero-point energies ZP is much greater than 1 because the frequencies for the heavier isotopologue enter the bottom of the ratio in eqs. 7, 8, 12 and 13 and the "light/heavy" ratio is accentuated by the exponential. to generate a set of valence coordinates automatically, which is very useful for very large systems (such as this with 966 valence coordinates) but the resulting set is neither unique nor always best suited for the required purpose when, for example, three atoms approach collinearity.
The differences in f RS and f TS as between the two methods for treating the external modes may be expressed as percentage errors with respect to the values for the "all frequencies" method: errors < 0.1% are satisfyingly small. As noted above, it is likely that treating the external modes as translations and rotations overestimates their freedom. The dimensionless Gibbs free energy (G -)/RT with respect to the classical potential energy minimum 23 The results for the other isotopologous pairs (-12 C/-13 C, 32 S lg / 34 S lg , 16 O nu / 18 O nu ), although much smaller in magnitude, are similar in kind to those just discussed above and will not be discussed in detail. The errors in ln(f RS ), ln(f TS ) and lnKIE for -12 C/-13 C are very small, but the error lnKIE is larger (0.77%) for 32 S lg / 34 S lg and very much larger (10.3%) for 16  6 frequencies) and eq. 8 is used for (f TS ) tr (with products taken over 3N s  7 frequencies). The errors in these results for the two methods are presented together in Table 5 in order to facilitate their comparison. Finally, the approximate quantum corrections (eq. 14) for motion along the transition vector are given in Table 6 . Consider first the results for treating the external modes as vibrations (Tables 3 and 5 ).
Cut-off models
Although the total zero-point energy for each species decreases markedly as the number of atoms N s retained in the cut-off subset hessian decreases, the isotopic sensitivity as expressed by the ratio ZP increases. This is partly compensated by a dimunition in value of the EX factor as the extent of the cut-off increases, but the resultant is a small increase in both (f RS ) af and (f TS ) af as the size of the hessian is decreased. It is important to note that this is purely a kinetic energy effect: gives errors in ln(KIE) ranging from 6.7% to +12% depending upon the nature of the isotopic substitution.
The imaginary transition frequencies TF are surprisingly sensitive to the size of the subset hessian for both methods: the errors for the heavy isotopologues are shown in Table 5 with respect to the magnitude of this frequency for the largest hessian (model 1). The "all-frequencies" method gives errors smaller by a factor of about 2 for the most extreme cut-offs, as compared to the "translation/rotation" method, but less severe cut-offs give similar values for each method.
Consequently several cut-off models show quite similar differences in the ratios  ‡ / ‡ ' as between the two methods, although the largest errors again occur with the"translation/rotation" method.
Finally, the quantum corrections  ‡ / ‡ ' to  ‡ / ‡ ' (eq. 14) are rather small (Table 6) , but show significant dependence on the size of the subset hessian: errors in ln( ‡ / ‡ ') are more than 100%
for some cut-off models with the "translation/rotation" method. Including the quantum correction in the -H 3 /-D 3 KIE involves a relatively small error (0.5% or less for even the most extreme cut-off) with the "all-frequencies" method but much larger for smaller hessians with the "translation/rotation" method. However, when the semi-classical KIE has a small magnitude, as for 12 C/ 13 C, the effect of the quantum correction is much greater with both methods. To ensure a < 2% error in ln(KIE corr ) for all four isotopic substitutions considered here, it would be necessary to work with cut-off model 4, which retains all solvent water molecules whose O atom is less than 4.5 Å from any isotopically substituted atom.
Relation to previous work
Li and Jensen described 24 a method for 'partial hessian vibrational analysis' (PHVA) of large systems which, as we already noted, was apparently similar to the procedure in our previous work. 10 Their method divides the whole N-atomic system into two blocks (in our terminology an (which Li and Jensen 24 did not report) it is unlikely that isotopically-sensitive frequencies would be affected by inclusion of the environment in this way, provided that the subset is not too small.
Ghysels et al. 26 have discussed a variety of partial-hessian-based methods for normal mode analysis that have been proposed by themselves and others over recent years to obtain vibrational spectra for large systems. Their mobile block hessian (MBH) method has been applied in calculations of partition functions within the transition-state theory of reaction rates, but not to KIEs; their procedures seem to treat librational degrees of freedom as both vibrations and as translations/rotations at the same time. 27 An implementation of the MBH method with QM/MM hessians has recently been reported, and it has been suggested that it could be applied usefully in KIE calculations; however, it was incorrectly asserted that IPFRs (rather than partition functions per se) are governed by the low-frequency modes. 28 Świderek et al. 29 have described a procedure that first uses a low-level QM method to identify which normal modes and frequencies contribute most to an IPFR and then generates a hessian with a higher-level method in the reduced-dimensionality space spanned by these eigenvectors.
This method converges from below towards the correct value of an IPFR and gives small (and possibly acceptable) errors using only about one-third of the total number of frequencies for the full system. However, the resulting errors on KIEs (or equilibrium isotope effects) were not presented; moreover, with refreshing candour these authors also reported that the partial hessian approach was superior to their scheme, giving accurate IPFRs with only a very small number of subset atoms. Świderek and Paneth 30 recently reported equilibrium isotope effects upon inhibitor binding to an enzyme calculated by a QM/MM method with explicit water using variously-sized models, which they claimed did not give meaningfully different results; however, their version of the Bigeleisen equation for these binding isotope effects involves products over 3N -6 frequencies for each species, and so it is not clear how the six librational modes were treated.
Schaad et al. investigated 31 the consequences of introducing small random errors into cartesian force constants or frequencies into KIE calculations using either eq. 2 or eq. 5; these authors concluded that results from eq. 5 containing the VP factor were less affected than by these errors than those from eq. 2 containing the MMI factor instead. In this context it is of interest to read Wolfsberg's comments regarding the presence of non-zero translational/rotational frequencies in GAUSSIAN03 calculations and their effect upon the reliability of the Teller-Redlich product rule. 32 There was a clear advantage in using the Bigeleisen equation for equilibrium isotope effects back in the time when vibrational frequencies were obtained experimentally and with greater precision than the moments of inertia were known for molecules of interest. However, since nowadays it is just as simple for a computer to determine the MMI factor as it is to evaluate VPR and  ‡ / ‡ ', the reason why most KIE programs coupled with quantum-chemistry packages use the Bigeleisen equation seems to be that it is easier to deliberately omit low frequencies of uncertain reliability without introducing large errors.
Conclusions
A hessian computed for a subset of N s atoms within a larger system generally yields 3N s non-zero vibrational eigenvalues corresponding to the six external degrees of freedom for the subset librating with respect to its environment. In the case of an isotopologous pair of subset atoms, the product of the isotopic ratios for all 3N s frequencies is equal to the three-halves power of the product of the ratios of atomic masses for the specific isotopic substitution. There is no need to invoke the Teller-Redlich product rule when a subset hessian is used, since this is necessary only when there are zero eigenvalues for separable translation and rotation degrees of freedom.
Consequently, for the evaluation of IPFRs and KIEs, there is no need to use the Bigeleisen equation in its conventional form, where products are taken over 3N s -6 or 3N s -7 vibrational frequencies for minima and saddle points respectively. It is more appropriate to use a simpler form (eqs. 11 -13) in which products are taken over 3N s or 3N s -1 frequencies.
The S N 2 methyl transfer from S-adenosylmethionine to catecholate in water has been used as a model system. IPFRs and KIEs evaluated using a large AM1/TIP3P subset hessian (corresponding to 324 atoms) have been compared for two alternative methods for treating the six external modes. It is found that it is better to treat these as harmonic vibrations (the "allfrequency" method) is than to treat them as free translations and rotations along with a projected hessian from which the translational and rotational contributions have been eliminated (the "translation/rotation" method).
A series of smaller subset hessians, generated by deletion of rows and columns corresponding to particular atoms being removed, has allowed the validity of "cut-off" procedures for computation of kinetic isotope effects to be assessed. These calculations leave the elements of the hessian corresponding to retained atoms unchanged for each successive cut-off, and are equivalent to removing atoms from the kinetic energy part of the molecular vibrational problem.
Errors in IPFRs and KIEs have been evaluated using a range of cut-off models with AM1/TIP3P subset hessians down to as small as only the six atoms involved in the isotopic substitutions considered here (-H 3 /-D 3 ,-12 C/-13 C, 32 S lg / 34 S lg and 16 O nu / 18 O nu ). Again, the "all-frequency" method is demonstrated to be superior to the "translation/rotation" method, giving considerably smaller errors in general. The "2-bond cut-off" rule proposed by Stern and Wolfsberg gives respective errors in the natural logarithms of the KIEs (without tunnelling) of 0.06%, 5%, 0.05% and 4% for these isotopic substitutions with the "all-frequency" method, but 7%, 4%, 6% and 12% for the same substitutions with the "translation/rotation" method. However, to ensure that the error in ln(KIE) remains less than 1% (or 2% for the quantum-corrected KIE) for all four isotopic substitutions considered here, it is necessary to use a less-restrictive cut-off procedure which retains all covalently-bonded atoms to a distance of at least 3-bonds together with solvent water molecules whose O atom is less than 4.5 Å from any isotopically substituted atom.
To the extent that KIEs (and also equilibrium isotope effects) may be treated to a satisfactory degree of approximation by means of a "cut-off" procedure, it implies that these ratios of rate (or Table 3 . Isotopic partition function ratios, kinetic isotope effects and contributing factors at 298.15 K evaluated using the cut-off AM1/TIP3P subset hessians with external modes treated as vibrations (the "all-frequencies" method 
